A new numerical method of frequency analysis is described, designed mainly to search for discrete frequencies in a time series. An integral transform is applied twice to the data for different reference times. A complex amplitude within a selected narrow frequency band is obtained for each transform. The frequency is then determined from the phase change of the complex amplitude over the difference of the two reference times. Very high precision is obtained, which is demonstrated in two examples.
Introduction.
We consider a real time function X{i) and assume that it can be described either by a set of discrete frequencies and their complex amplitudes (at a given reference time) or by a continuous complex amplitude density function over some frequency range or a combination of both. The term frequency analysis is used here for a process which determines the frequencies, amplitudes and phases of the spectral components of the time function.
There are three classical methods available which perform frequency analysis under specific conditions: the Fourier series, the Fourier integral and Prony's method. Each is restricted in its application, depending on the properties of the time function. Since all three methods are well known and described in standard textbooks, we will only repeat some of their essential properties.
(a) Fourier series. If X{f) is periodic with a period T, it can be described by a constant term and a finite or infinite set of harmonic frequencies, where the basic frequency is equal to the reciprocal of the period T and all other frequencies are integer multiples of the basic frequency. The complex amplitude is obtained by the well-known integral transform of X(t) over the interval T. The integration extends only over the (finite) time interval T, since X{f) is periodic, and no additional information is introduced into the process, if the integral transform were to be extended over several periods. On the other hand, when a time function X(t) is given only for a time interval T and this integral transform is applied, it is automatically assumed that the time function is periodic with the period T, and no additional information is obtained by an extrapolation. Therefore, for example, the Fourier series has no real application in prediction problems.
(b) Fourier integral. Here, a frequency continuum is provided for the analysis. The integral transform now determines the amplitude density as a function of frequency. The time function is aperiodic and must not contain discrete frequencies with finite amplitudes (equivalent to infinite amplitude density), otherwise the transform is not convergent. The integration has to be performed over the infinite time range from -°° to +00, unless the time function is zero outside a certain time interval T.rOn the other hand, if X(t) is only known within a time interval T and this transform is applied, it is automatically assumed that X{t) is zero outside the interval T. Again, nothing can be learned in this case by an extrapolation.
(c) Prony's method. This process [1] , [2] is quite different from the two mentioned before. It is applicable if X(t) contains only discrete frequencies and their number is finite. The method leads to an algebraic equation of degree 2N with TV pairs of conjugate complex roots, if N frequencies are present in the time function. The solution of the algebraic equation may result in real or complex frequencies. If a pair of roots is located inside the unit circle of the complex plane, the amplitude of the corresponding frequency is exponentially decreasing with time; if a pair of roots is located on the unit circle, the amplitude is constant, and if the roots are outside the unit circle, the amplitude is exponentially increasing with time. In contrast to the Fourier series, this method determines the inherent frequencies and their amplitudes rather than merely the amplitudes for a given set of frequencies; furthermore, the ratio of any pair of frequencies may be rational or irrational. Any small time interval is sufficient for this type of analysis, if X(t) is given with sufficient precision within this interval.
Prony's method is only of practical value if the number of frequencies contained in X(t) is relatively small, since it involves the inversion of a IN by 2N matrix for the determination of the coefficients for the algebraic equation, the solution of the algebraic equation of degree 2N, and again a matrix inversion for the determination of the amplitudes.
We will show in the next chapter that, if we limit the problem of frequency analysis to real frequencies, it can be solved essentially by one process covering all the possibilities of the three methods discussed above.
2. The Basic Transform. We define a transform function P, depending on time / and two parameters, the frequencies ft and ju by 1 (2.1) P(t; ft, /,) = -(exp(i2r/,r) -exp(i27r/,f)).
ITT l where we assume that (2.2) A/ = /, -> 0.
We see that P is continuous, even for t = 0, since it can be written 2 (2. We now define an integral transformation applied to a real function of time X(t) by P(.t;1,.U)X(t) dt, which we shall call the /^-transform.
We consider first the case where the transform is applied'to It is important to notice that, if fk is equal to the upper or lower limit, we obtain only half of the actual amplitude, but still the correct phase <pk. We next apply the transform to Xs(t + At):
Xy(t + Ar) = zZ \<>k cos 2x/*(f + Ar) 4-bk sin 2*/,(f + Ar)} and we obtain the exact frequency (2.17) U = {Vk -vD/2,tAt.
If X(t) has a continuous spectrum given by
where a> = 2ir/, the transform leads to r Dividing (2.19) by A/ = /, -/,-, we obtain the average complex amplitude density over the interval /, ^ / ^ /j and it can be easily verified that in the limit as A/ -> 0 we obtain the Fourier integral. We see now that our transform can be considered as the integral of the Fourier integral over the frequency interval A/. It may be worth mentioning here that, if X(j) contains discrete frequencies, our transform converges, while the Fourier integral does not. In other words, discrete frequencies appear as integrable singularities in the Fourier integral.
3. The Transform of Discrete Data. In practice, we always have a finite time interval over which X(t) has been observed. Even if recordings are taken continuously, only discrete data can be handled by a numerical method. We assume from here on that the data to be analyzed are available at equal time intervals At for a certain period of time and that At was properly chosen so that no aliasing can occur. We then approximate the integration by a summation and introduce at the same time normalized frequencies by The upper limit for ß is the normalized Nyquist frequency. (Later, we will formally extend the range of ß up to 1, so that the algorithm of the "Fast Fourier Transform" [3] can be used in the computation of the transform.) The transform of Section 2 then gives
where the term for k = 0 is 2bX0, and 2K + 1 data are used. Since the transform has to be applied again for a later data epoch, more than 2K A-1 data must be available. It should be mentioned that the transform (3.3) is an approximation of the original transform for two reasons:
(1) The integration is replaced by a summation.
(2) We have a finite series instead of an infinite one. While the original transform produces a rectangular gate of unit height and width A/ License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use in the frequency domain, it is only approximated by the finite series (3.3) . This affects mainly the frequency resolution.
If we search for discrete frequencies, the actual analysis consists of two steps. First, we scan systematically through the normalized frequency range, 0 g ß g |, in steps of 8, repeat the transform for a later time and obtain a first estimate of the complex amplitude and the frequency in each band. Corrected values are obtained in a second step, if we set the gate individually for each frequency, where a large amplitude was obtained, so that the frequency is approximately in the center of the gate. We see that in this case the rectangular shape of the gate is not essential. If it is replaced by a cosine shape given by g(ß) = 0, in 0 = ß = ß. -8, We must point out that M and K are mutually independent; M determines the bandwidth, while 2K + 1 is the number of data to be transformed. Usually, M is smaller than K as will be discussed later.
Since the exponential function in (3.10) is periodic in k with the period M, we set If M is properly chosen, e.g., M = 2", where /> is an integer, the algorithm of the "Fast Fourier Transform" [3] can be used to perform the transform (3.14). If X(t) is represented by an amplitude density function, the first step, the scanning process, is usually sufficient. It is easy to see how a continuous spectrum can be distinguished from a line spectrum. If sufficient resolution is obtainable, the amplitude of a discrete frequency does not change with decreasing bandwidth, while for a continuous spectrum the ratio of amplitude and bandwidth should remain constant if the bandwidth is reduced.
Examples.
As a test, the method was applied to tidal data. The frequencies of the tides are very well known from astronomical observations. Two years (1951-1952) of bi-hourly measurements of tides at San Francisco were analyzed; the results are listed in Table 1 . The first column shows the theoretical frequencies in degrees per hour as listed by Schureman [4] . The second and third columns show the results of our analysis, the amplitudes and frequencies, respectively. The frequency differences between the theoretical values and those determined in the analysis are listed in columns 4 and 5 in different units, degrees per hour and cycles per year. The largest difference found is 0.05 cycles per year. For comparison, the difference between two consecutive frequencies provided by a Fourier series analysis of two years of data amounts to 0.5 cycles per year, ten times larger than the largest difference found in the analysis above.
The second example is directly related to Prony's method. There, a polynomial equation is derived from the time series, and the roots of the polynomial equation determine the frequencies. By the inverse process, a time series can be produced from a polynomial and the frequency analysis of this time series determines the roots of the polynomial equation, provided that those roots are located on the unit circle of the complex plane or that the polynomial can be properly transformed. In other words, if it is known that all the roots of a polynomial equation are located on a curve which can be mapped by a proper transform onto the unit circle, then the roots of this polynomial equation can be found by the frequency analysis of the corresponding time series. The roots of the Legendre polynomials Ln(x), for example, are located on the real axis between +1 and -1, symmetrically around zero. Introducing Ln(x) is now transformed into a polynomial MJy) and its roots appear now as conjugate complex pairs on the unit circle. We applied this method to the Legendre polynomial of 16th degree. The resulting polynomial Ml6(y) was normalized so that the coefficient of the highest power was unity. The time series was produced using the recurrence relation (4.2) xn = starting with 16 arbitrarily chosen numbers X0, Xu • ■ ■ , X1IS. A total of 2200 data were produced this way. This time series was then analyzed. The results are given in Table 2 showing the "frequencies", the roots derived from the frequencies and Tables of Functions and Zeros of Functions [5] in the columns 1, 2, and 3, respectively. The differences between columns 2 and 3 are listed in column 4, the maximum error amounts to 2 X 10~9.
5. Discussion of the Numerical Application. Some comments on practical aspects may explain more details of the method. At the same time, we will attempt to demonstrate that the method is very flexible, but also quite complex in the sense that questions regarding the best choice of bandwidth 8, time interval Ar between two transforms, and error estimates of amplitude, phase and frequency, cannot easily be answered. Usually, those questions must be studied individually for a given time series, and the answers will depend mainly on the length of the time series, the frequency distribution in the spectrum, the amplitude ratio of neighboring frequencies and the noise level. Therefore, the following discussion will be restricted to some general considerations.
We assume that Nt is the total number of data points available and use, instead of the time interval At between two transforms, the corresponding number of data points AK given by (5.1) AK = At/Ar. Since we need 2K + 1 data points for one transform, we have the relation (5.2) 2K + 1 + AK S N,.
As mentioned before, the original discrete transform is an infinite series, and we expect that the approximation by a finite series will become better, the larger the number K. More careful investigation of (3.3) and (3.5) shows that the convergence depends in first order on the product K-8. This, together with (5.2), means that a compromise must be sought between the convergence, the interval between two transforms and the bandwidth.
With the finite series (3.3) or (3.5), we obtain an approximation of the desired shape of the gate, but also "sidelobes" in the remaining frequency range. The magnitude of those sidelobes decreases with increasing K-5 and also with increasing frequency difference from the gate. Those sidelobes can introduce interference errors, for example, if the gate is set for a frequency with a relatively small amplitude and a strong line is in one of the neighboring sidelobes. (In many cases, the method permits us to eliminate this interference to a high degree by changing the bandwidth or shifting the gate, so that a zero between two sidelobes falls on such a strong line, if its frequency was already determined.) An estimate of the interference error may be difficult, especially, if several frequencies with different amplitudes are close together.
Generally, a wide bandwidth is desirable to keep interference low; on the other hand, the bandwidth must be small enough to separate the frequencies present in the record. This holds first of all for the scanning process when we start the analysis of a time series and nothing is known about its frequency distribution. Here, a reasonable compromise can be made by using a minimum bandwidth defined by the relation
hile the errors of amplitude and phase depend essentially on K-5 and on the noise level, the error of the frequencies depends largely on AK. If we can assume that the magnitude of the phase error remains within certain limits as a function of time, then the error of the frequency will decrease with increasing AK. If AK corresponds to many periods of a given frequency, the transform may be repeated several times in smaller steps in order to avoid possible uncertainties about the number of full phase rotations. Repeating the transform several times also permits us to test the stability of a line in time. A systematic variation of the amplitude, for instance, may indicate that the gate includes more than one line and the spectrum is not sufficiently resolved with the bandwidth used.
The choice of the parameters 5, K and AA' also depends to some extent on the problem to be solved. The first example given above, the analysis of tides, was used as a test on the frequencies. Since the frequencies are known from astronomical observations with high accuracy, the main emphasis of tidal analysis is usually on an accurate determination of amplitude and phase for each frequency, e.g., for prediction purposes. Therefore, AK can be small to minimize interference errors in phase and amplitude. In the second example, we have the opposite situation. Amplitude and phase are of no interest; only the accuracy of the frequencies is important, which requires a relatively large AK.
In conclusion, it should be mentioned that there is no need to have the length of the time series equal to a joint multiple of the periods present. Some minimum length is required only for the resolution.
Appendix. The proof for (2.7) and (2.14) can be obtained in the following way. If we introduce (2.6) into (2.5), we have Now using the results of the first part of this Appendix, we see that we obtain (2.19).
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